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A STUDY OF CERTAIN SPECIAL CASES OF THE HYPERGEOMET- 
RIC DIFFERENTIAL EQUATION. 

By Mb. James Harbinoton Boyd, Chicago, 111. 

Preface. 

The following paper preeents the results of a study of certain cases of the 
hj'pergeometric differential equation made at Gottingen, under the direction of 
Professor Klein. The cases are those in which the hypergeometric differential 
equation has a single algebraic solution (Sehwarz, Crelle, 75, § 1). 

The method is the geometric one used by Klein in his lectures on linear 
differential equations, and in his paper "CigJ*?- die Nullstellen der hypergeo- 
inetrischen Reihe," Math. Annalen, Bd. 37, S. 580. The solutions are regarded 
as functions defined, after the manner of Riemann, by the requirement that 
the conformal representations* which they determine be certain generalized tri- 
angles. These triangles are made the starting point of the discussion, and are 
classified geometrically, and the classification of the integrals of the equation 
is deduced from that of the triangles. 

Owing to the fact that no exposition of Prof. Klein's theory of the linear 
differential equation of the second order has yet been published, it has been 
deemed best to prefix to the paper a pretty full presentation of his peculiar 
methods and notation, drawn from his lectures on differential equations. Win - 
ter semester, 1890-1891. 

The discussion of Case «), Arts. 24 foil, (excepting for integral values of 
/, n, v) and Figs. 1-13, 18, 28, 36-46 are due to Klein (lectures on differential 
equations). 

On the other hand, the discussion of Cases /9) and y), and Figs. 14-17, 
19-27, 29-35, 47-53 are due to the author. 

N. B. — The shaded parts of the figures in the ■-j-plane are the conformal 
representations of the positive half of the s-plane ; the blank portions, of the 
negative half. 

Introduction. 

§ 1. The Hypergeometric Function. 

If we subject the Abelian integral 

* 
<Pi, = f M' {zhf {2c)y {Zdf {zdz) (1) 

i 

* See below, § 4, Art. 5. 
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(in which 
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P 



Pi 

P-L 



{za) = 



z, a. 



3, a. 



{zdz) = 



"2 "2 



Zi dzi 

2, </s. 



a, h, c, d, a, /?, y, S are complex numbers ; and z =^ a, b, c, d are branch points* 
of the integral ^i*)t to the system of linear substitutions 



we shall obtain 



«'i ^p^a\ + i'A . «'2 = ?i«i + ?2«2 ; 



<pi^ = (i>9)' /(2'«')« (z'byydy {z'dj {z'dz') . 



(2) 



(3) 



The notation leading up to (3) will be retained throughout this paper. 
If we specialize the substitutions in (2), so that the points a', b', c become 
respectively 0, op , \,% we shall obtain 



(P^ = K^z\-z\^ {z\ - z',)y {z'Xy {z'dz') ; 



(4) 



* Forsyth's Theory of Functions, p. 1.5. 

tWhen either i, k, or both, are points of discontinuity of the integral, ^nc is to be regarded 

as defined by the equation 

abab 



where 



?** — (!_ ^nia) (1 _ (fi^ifi) ' 
abab 

is the result of integrating V on a closed path which encircles each of the points a, b twice, but the 
second time in the opposite sense from the first time. Jordan, Cours d' Analyse, Vol. Ill, p. 241. 
t By permuting a', b', c' we may transform a', b', c' into 0, oo , 1 in six different ways ; hence 
will arise the six different classes of hypergeometric series Csee Forsyth's Differential Equations 
§ 119). 
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or, ■written non -homogeneously, 



h 



0,, = Kjz^ {z - l)v {z - Xf dz , (5) 

i 

where 

._ ibc){ad) 
(«c) {dd) ' 

and ^ is a constant diflferent from zero. 

As is well known, we may write one of the integrals in (5) 



0„, = E' .B{a+).,r+l).F 



d,a^l,a-^r + %]^ 



(6) 



where K' is a constant, B is the Eulerian integral of the second species, and 
Fsi Gaussian hypergeometric series. 

We define a hypergeometric function by the equation 

II{X) = C'l^ (1 - lY . CO , (7) 

where C is a constant distinct from zero, and 

w = i'z-- (z — \f {z — X)y dz ;t 

i 

or in accordance with (6), 

co = E . F{1, m, n, ).) , 

or a hypergeometric series whose argument, instead of k, is either 

1 , , 1 yi — 1 k 

1 — ;. , = = , — j — , or j- 



/ ' ' 1 - ;i ' / ' X — 1 • 

The elements I, m, n are constants involving a, /9, y. 

§ 2. The Hypergeometric Differential Equation. 

By hypergeometric differential equation we mean the differential equation 
which the function H defined by (7) will satisfy. 

One can readily show that co will satisfy the differential equation 

* We obtain (6) by expanding 1 — ?! , ( | /I | > 1), by the binomial theorem, and integrating 

between and 1, and expressing the result in terms of Eulerian integrals. 
t These integrals are called hypergeometric integrals. 
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From (7) 



whence, substituting in (8) , 

<PH , AX + B (LB , CX^^DX + E „_„ ^ 

rf/2 + /2 _ ; • dx'^ {x^ — xy -tt — ^> (y 

where A, £, C, D, E are constants involving m, n, a, ^, y and C. 

% 3. The Riernann P-Function. 

The relation of the Riem.ann P-f unction to the hypergeometric function, 
and hence to the hypergeometric differential equation.* 
1. Eiemann represented by the symbol 



{a h c 

P i /' // v' 

I 

L; It It It 



(10) 



a binary shear\ of functions having the following characteristics : — 

1° Two functions of the shear have about the point a developments of 
the form 

P^' = {x- af .p,{x-a), P„*" = {X - af" .p,{x-a), 
respectively, and every other function of the shear, a development of the form 

/.' P^' 4- /> " P^" 
'-a-'o n- Ca Jr'c^ , 

where the ^'s are series in ascending powers of x — a, whose constant terms 
do not vanish, and the c„'s are constants. The functions of the shear are sim- 
ilarly related in the neighborhood of the point b to the indices //, /z", and in 
the neighborhood of the point c to the indices v', v". The a, b, c are in gen- 
eral complex numbers, and represent branch points of the functions, while x is 
any point in the plane within the regions of convergence about a, b, c. 

2° /' -(- X" -\- // -f- j"" + I'' + >^" = 1, and X' — /", // — /i", v — v" are not 
integral. 

3° All functions of the shear have about every other point «„ develop- 
ments in integral powers of x — x^,. 

It can be shown that these characteristics constitute a complete definition 
of the binary shear of functions. 

* Riemann's collected works, IV. 
t Compare the German Schaar. 
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2. As in § 1, we can by linear substitutions transform a, h, c {d remaining 
fixed) into the points 0, x) , 1, respectively, so that 



where 



a h c 

/' // v' d 

)" It" v" 



= P 



00 1 

/' pi v' X 
A" //' v" 



(11) 



. {ad){bc) 
{bd) {ac) 



Pis, therefore, a function of the cross-ratio, only, of a, b, c, d. 
3. From the definition of P it at once follows that 



00 1 

X' -\- m fi' -\- I u' -\- n X 
X" 4 m //' -\- I u" -{- n 



"0 00 1 

X'^i^l — XYP X' ,i v' / =P 

J" I'-" ^" 

where Z + wi -|- n = . 

4. We define a function 11,^. by the equation 

//,, = Mf,, = M j\2aY {zbf {zc)y {zdf {zdz) , 
where 



, (12) 



(13) 



(. + V + 1) , ,>-l(. + S + l) /;,v,-50 + T+l) 



M= {ahY>^^^^^ . (ac)-^-^^^" . (a<^)-2'"^°^" . {bc)—^ 



{bd)--\ (^ + * + ^> . {cdy\ *^ + * + '> . l{ad) {bc)Y . [{bd) (ac)]« . i{cd) {ab)Y , 

and ^ + ^ + r = i. 

By the substitutions which transformed (3) into (4) 

/7,, = / + ^* — '>(A - 1)'--^^ + * + '> fs," z.f {z, - z,)y \z, - % \ \zd£) . (14) 

J L / J 

We select a branch 11^^ of /7,^ and study its behavior when the two points 
a and d are brought into coincidence. We notice that M contains the factor 

(ad^~'^'"°''^^^^^ . As a approaches d the value of the integral in (13) will ap- 
proach zero as C(a<?)2+^*+S where C" is a constant ; therefore 11 ^a will approach 

zero as jff'Yaii )''"'" 2 *""''* ^^\ where K' is a constant different from zero. Also, 
* By permuting a, J, <j iu all possible ways we can transform a, b, c into , oo , 1 in six different 
ways ; accordingly instead of li. in (11) we may put X, -. , i — A, . j , . . > or — - — . 
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<a + « + 1) 



&& a = d the value of the integral /7j^ approaches zero as K"{adY ^^ 

K" being a constant different from zero. That is to say, in the region about 

the zero point (i. e. the point a = d) vie can develop these two /7 's in the form 



n^ 



,P + 5 (« + « + !) 



^"2 



■i^.W, 



n — f 



■^-<""^"^^.w, 



since i = as a = c?. 

Thus, the exponents which characterize /7 for X^^O are determined, and 
we find that Uaa and Fl^,^ coincide with the branches P^'"' and J-*o*" of the 
/•-function for ^ = 0, when we put 

In like manner putting 



P 



(a + ^+1), 



l^ 



? + ^ (i? + ^^ + 1) > 



'^' = ^ + ^ (r + ^ + 1) , 



V" — r - 



(/5 + ^ + 1) ; 

(r + ^ + 1) , 



we can show that 



-'0 — *^ad ) 

P"' — n 



pK" — rj 
pv — 77 



Thus, 77 defines a binary shear of functions having the characteristic 
properties of the shear P with the indices just given, — for the functions de- 
fined by n behave regularly except in the points 0, ob , 1, — and we conclude : — * 

A; 






^^-P + 3(a+l-«)_^j_^^-r + l(v + J + l) p 



r 00 1 

— S 






(15) 



by (12). 



* See § 8, Art. 1 , of this introduction. 
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Hence the integral in (4) or that in (3) furnishes a branch of a Riemann 
/*-f unction, two of whose exponents are zero. 
If in (6) we place 

I = a -\- 1 , m = — d , w=;« + 7--|-2, A=y, 

A 

and remember that ^(a-|-l,j'-|-l)isa numerical factor, we will have 

00 1 

0,,= C.F(l,m,n,X)^Pr 



(16) 



1 — n I n — I — m X 

m 

where C is a constant different from zero. 

Thus, in (15) and (16j, we see how the Riemann P-function is related to 
the hypergeometric integral and function, and hence to the hypergeometric 
differential equation. 

§ 4. The Function nj. 

5. Let the values of a complex variable z be pictured in the usual manner 
by the points of a plane — the " s-plane " — and the corresponding values of a 
function w of this variable by the points of a second plane — the " w-plane." 
The points of the i»-plane may be called the representations of their corre- 
sponding points in the s-plane. 

When the s-point is made to trace out any path in its plane, the corre- 
sponding w-point will trace out a path in its plane which we will call the 
representation of the path traced by the 3-point. 

If the w be an analytical function of z, the angle made by two curves in 
the 2-plane \Vill in general equal that made by their representations in the 
?«-plane.* The representations may therefore be said to be conformal. 

Axij given simply connected region of the w-plane can be represented 
upon the positive or negative half of the s-plane, so that any three given 
points of the contour of this region will have corresponding to them any three 
points, arranged in the same sense, in the boundary of the half 3-plane ; i. e. 
in the real axis of the 3-plane (Riemann) . 

6. If we take as our region in the w-plane a triangle bounded by the arcs 
of circles (such a triangle we shall hereafter call a circular triangle) with the 
angles Xn, fin, i/n whose vertices L, J/, ■iV' correspond respectively to the points 
a, b, c in the real axis of the s-plane, the representation is conformal every- 
where except at the points a,h,c; i. e. the angles In, utt, vn are represented in 
the s-plane by angles of the magnitude tt, whereas all other angles in the 
w-region remain unchanged (Fig. 1) . 

♦Forsyth's Theory of Functions, p. 11. 
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By means of this representation to every point of the positive half of the 
£-plane there will correspond a definite point w within the circular triangle. 
This representation we take as the definition of a function rj expressed 

more fully by the symbol » | z \ . 

1* It is a well known fact in the elementary theory of a complex variable, 
that, if we have before us two planes tj and s, in which are two circular tri- 
angles, ZMJV and Im/i respectively, whose angles arranged in a definite sense 
are at:, /xjt, un, the two triangles will be connected analytically by a linear 
relation 

in which a, /9, ;', 8 are constants which may be complex, and 
z = x^iy , ■q=ri^-^ iy]^ . 

Either triangle may be bounded by straight lines. 

If the two planes are connected by the linear relation 

-_ az + /? 

where 

1^ = yj^ — ir^^ and z = x — iy , 

then the triangle L'M'N' which corresponds to the triangle Imn of the s-plane 
will be a reflection (spiegelung) of LMN ol the previous case. If the angles 
of LMN had the arrangement hi, juz, un those of LM'N' will have the ar- 
rangement /.M, UTT, fiTT (see Fig. 2) . 
Therefore the symbol 

fa 5 c 1 

f I , si 

L^ /^ V J 

represents not a unique, perfectly determined function but an entire shear of 
functions which arise out of a single one ^jo by substitutions of the form 

8. From the definition of rj it at once follows that we may develop it in 
the region surrounding an arbitrary point 2 = s^ of the positive half of the 
s-plane in the form 

? — % = (« — ^o) • J9 (S — 2„) , 
* Forsyth's Theory of Functions, p. 549. 



r^-ph 




Fi^a. 




Z -pla 
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where ^ is a series arranged in ascending positive integral powers ot z — Zq 
whose first term does not vanish ; except for the points z:=a, b, c, where the 
developments have the form* 

Yj — L =z{z — aY . p{z — a) , 

;y — Jf = {z — by.p{z — h), (17) 

Tj — If = (z — cy . p{z — c) . 

Should Zf, or ij^ be infinite one must put in these formulae instead of ^ — z„, 
fj — ly^ respectively, the values - , ~ . It is evident that z = a,h, c are branch 

Z Tj 

points of Tj. 

9. Since a, i, c are branch points, the value of the ly-function correspond- 
ing to any point in the negative half of the s-plane will be different according 
to the path taken by z in traveling from an internal point in the positive half 
of the ?-plane to this point. 

Let z = Zf,, Zy be two points in the positive and negative half of the 3-plane, 
respectively, and ifj and 1}^ the corresponding values of the ly-function. If 
% be a point within the triangle LMN, then, as z travels from z„ to s,, say over 
the segment ah, yj will travel from ly^ across LM to a point tjy without the tri- 
angle LMSf; similarly, if z in traveling from Sq to z^ should cross the segments 
he, ca, respectively, then yj would travel from r^f, across the sides MN, If^L, 
respectively. 

What representations then of the negative half of the 3-plane do we ob- 
tain if we begin with the representation of the positive half of the 3-plane and 
allow s to cross over he, or ea, or ah into the negative half of the 3-plane ? 
What new representations of the positive half of the s-plane will arise if z 
passes back by various paths into the positive half of the 3-plane ? An answer 
to these questions is to be found by aid of the principle of symmetry due 
to Schwarz. We construct about our original triangle (always shaded) three 
symmetrical triangles which we shall designate by A, B, F (Fig. 3). 

The triangles A, B, F are exactly those representations which tj produces 
when z crosses (from the positive side of the real axis) over be, ca, ah, respec- 
tively, into the negative half of the s-plane, for the sides of the ly-triangle 
ZM, MN, NL along which the new triangles arrange themselves correspond 
respectively to the segments ah, he, ca. 

We construct also the triangles symmetrical to A, B, F, which we shade as 
seen in Fig. 4, and which are representations of the positive half of the s-plane. 

* H. Durege's Elemente der Them-ie der Funetionen, chap. vi. 
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Thus, in accordance with the principle of symmetry, we construct in the 
^-plane an unlimited number of triangles shaded alternately. 

Every shaded triangle is a representation of the positive side of the 
^-plane. The blank triangles are representations of the negative half of the 
s-plane. 

The function rj{3), i. e. the aggregate of all the branches of rj(z) which are 
evolved by analytical development from the original branch, thus becomes a 
multiform function of z, indeed, in the general case, a function of an infinite 
number of values. 

We designate the primitive triangle by 1, and its three reflections by A, 
B, /'. We shall designate, in general, each triangle according to the manner 
in which it is evolved, by reflections, from 1. Hence, the triangles in Fig. 4 
should be marked as in Fig. 5. Every shaded triangle receives a designation 
which contains an even number of symbols ; every triangle not shaded re- 
ceives a designation which contains an odd number of symbols. All shaded 
triangles are therefore connected with the primitive triangle by direct con- 
formal representation, and all blank triangles by indirect confoymal repre- 
sentation ; i. e. by substitutions which have, respectively, the forms 

' ry + ^ ' ^ r^ + ^ ■ 

Whence the multiform function ri{z) has the properties, that all the distinct 
branches TjJ^) which belong to the representation of the positive half of the 
0-plane are associated with -^o (z) by linear substitutions of the form 

while the distinct branches of iy,(3) which belong to the negative half of the 
3-plane are furnished by subjecting the primitive branch rj^{z) to substitutions 
of the form* 

^'(^) = .^|4t-- (19) 

/« 70 ~r "« 

The coefficients a, ^, y, d are determined by the fact that the original figure is 
given. 

All substitutions, (18) and (19), arise out of combinations of those three 
substitutions which produce the reflections A, B, F, so that these substitutions 
form a group. 

* The symbols ^ and x correspond to the variable i. 
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If, in Fig. 5, fj travels from any point in triangle 1 to the corresponding 
point in any other triangle (shaded) FB, we must have each time, in the 
s-plane, a path encircling correspondingly the branch points- a, b, c (in this 
case encircling a), and ending finally in the point of departure ;* and con- 
versely. If, therefore, we let A, B, C represent, respectively, the linear sub- 
stitutions which produce the reflections ./, li, P, we may say that to a positive 
encircling of a, or b, or c there will correspond in the ;y-plane a substitution 
A, B, C, and consequently, if we combine these three substitutions in the 
order in which s encircles «, b, and c, the function vj will return to its original 
value (or CBA = 1). 

That is, if z encircles a, then b, and finally c, the branch %, with which 
we begin will pass successively into A{rj^), BA{rjg), CBA{rj^ = -f)^ (see Fig. 6). 

10. The branches of the i^-function obtained by analytical development 

from % are all included in the system represented by "" J^ * when «, y3, ;-, ii 

are arbitrary, but by no means exhaust this system. It is this last which con- 
stitutes the general .y-function. 

Riemann shows that the substitutions A, B, Care determined essentially 
by the values of /., ,«, v ; that is, are so far determined as is possible if the 
choice of the particular branch ij„ is left arbitrary. 

11. Since r, \ ^ represents a shear of branch-functions all of 

1^/ a V J 

which may be derived from a given primitive branch jy, by the linear substi- 
tution 

_ «2o_±/ 

we may construct the differential equation which all branches of r^ will satisfy 
by forming the three differential coefficients ij , r[' , rf", and then eliminating be- 
tween them and fj the three ratios a: ^ -.y.d. Such a process leads to the 
differential expressiont 

c _ ? r£~ 

f Hi. 

which depends only on a, b, c, /, //, v, and s. 

12. Since all the branches of rj{z) arise out of a single primitive branch 
■^„ through linear substitutions of the form 

r % + ^: ' 

* In Fig. 6, see loop running from P about a. 

t See Forsyth's Differential Equations, end of § 61. 



\y|']^ , (20) 
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and [)j]^ does not change if we substitute for fj any linear function of fj, [;y], must 
be a single-valued function of z. Further, our initial % has been determined 
1° by the selection we have made of the three points a, i, c, 2° by the three 
angles of the ly-triangle ^.n, /m, vn, and 3° by the particular position which we 
have assigned to the triangle in its plane. If we had chosen this position in 

some other manner, there might have appeared instead of % any /" " 

(where a, /?, j, d are arbitrary). But this choice of position does not affect 
[);]j.* Hence, the value of \rj]^ does not depend upon the position of the 
primitive ;y-triangle, but only upon z, a, b, c, X, fx, v, and moreover has simply 
a one-valued dependence upon these quantities. Accordingly, we write 

[rj]^ = a one-valued function of {a, h, c, X, fi, v; z) . (21) 

13. We seek next the character of the function [rjj^. To accomplish this 
we study its behavior in the region about all possible positions of s^ in the 
2-plane. To avoid diffuseness we suppose a, b, c finite. Then we have three 
kinds of points to distinguish, 

Zf, finite and distinct from a,b, c;^ 

z^ coincident with a, or 5, or c ; 



Zti infinite. 



(22) 



Since [ij], remains unaltered if we put instead of tj any ^ 'X %. , it will be 

no essential restriction if we assume in the following calculation that jy, corre- 
sponding to 2o is finite. Hence we shall have respectively, in the three cases 
(22), for the region about z = z^, the following developments : 

yj — 1^^ = a{z — z^) ^ ^ {z — z^f + . . . , 

rj-7], = {z — zX . [« + ^(2 -z,) +...], or, etc. (24) 

ly — % = 02-' + /?3-' + r«!-» -f 

where a is supposed to be * 0. Substituting, successively, the values in (24) 
in \rj\zy we obtain the following values of this " parameter " in the regions about 
z = 3„ , a = a , (5 or c), 3 = 00 , respectively : 

\yi\z = ^^ T + terms in ascending powers oi z — 2^ , 

r^"| ;_ lA ' 4- A ^ — III. . (- terms in ascending integral powers 

'-'-'* (s — a) Xa z — a 

of z — a , 
[)j], :;= T^ + terms in ascending integral powers of z . 

* Forsyth's Differential Equations, § 62, Ex. 2. 
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It is a fundamental theorem* of the function theory, that a one-valued 
function of z which for the entire 3-plane possesses the character of an inte- 
gral function, and has only a finite number of points for which the function 
becomes infinite, and then to a finite degree, is a rational function of z ; and, 
in fact, it is a simple matter to construct a rational function of z which for 
z =^ a,h, c becomes infinite, and for s := oo vanishes to the fourth degree, as 
we know \rp\^ does, from the equations immediately preceding. This function, 
which is fully determined by these requirements, is 

lj=Ll'(a_6)(a-c) L=^(J_c)(J-a) 



R(z)^ 



(z — a)(z — b) (z — c) 



+ 



1— y 



2 

+ 



(c -a)(e~ h) 



(25) 



and the differential equation sought is 

[^], = E{z) . 

Thus, we see that, from the definition of rj by means of conformal representa- 
tion, we have ascended to the differential equation of the third order of which 
rj is the solution. 

We notice further that, if the points a, b, c should lie respectively at 
0, 00 , 1, the discussion on p. 156 would lead to the particular case of (25) 

L=5J^-~2^ ^2(*-=:if+ 2x{x-\) ■ ^^^' 

14. We next consider the question, whether )j can be so separated that, 
when z makes a closed circuit in its plane, and Tj = y^/y^ experiences the sub- 
stitution 

.== «? + ^ 

' n + r 

y^ and y^ may experience integral binary linear substitutions of the form 

y. = «2/. + ^2/2 . y-i = rvi + ^3/2 • 

There are two ways of looking for an answer to this question ; viz. by re- 
garding y, and 2/2 as functions of z, or as binary quantics in z^, z^ (z = zjz^. 
The second, of course, coincides with the' first when we suppose the degree of 
each quantic zero. 

* Forsyth's Theory of Functions, p 71. 
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One such separation as we are seeking is given by the equations 

f 1 

2/1 = -7-, ' y2 = -7=7 • 

For, the derivative of ^ %, being *■ , "'JJ , it is obvious that when r, is 
transformed into Ki < Vi ^^^ Vi ^^ j'^^^ defined are transformed into 

--/i=ILiJ'? and J|llIL=£L , respectively, and therefore experience a binary 

|/ atf — /?j- yad — ^y 

transformation. The determinant of this transformation is especially simple, 
being equal to unity. 

These values of y-^ and y^ are, however, not the only ones which satisfy 
the given conditions. More generally, we may write 



r, = -1. (3 — ay (z — hy {z — cy.Fiz) , 

Y, = 1 (3 - ay {z - by (z - cy . F{z) ■ 

V-q J 



(27) 



where p, a, r may represent any numbers whatever, and ^{z) a uniform func- 
tion of z, or more briefly 

Yi and Y^ will experience, as well as j/i and y^, a binary linear substitution 
when z encircles a, or b, or c. 

If, now, we put y =: Cj y, + e^yi, then construct the first and second differ- 
ential coefficients of y and between them and y eliminate Ci and c^, we will 
obtain the differential equation of the second order which y satisfies. It is 

y" + ili{z)y = 0* (28) 

where [yj]^ = E{z) is the equation of which -y is the solution. 
Moreover since 

Y Y 

the differential equation which T", and Y^ satisfy is the linear equation of the 

second order, 

Y"+pY' + qY= 0, (29) 

* Compare Forsyth's Differential Equations, § 61. 
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where 

^ f ' ^ (f if 

Thus, starting with tj defined by the representations which it produces, we 
liave been led to the general linear differential equation of the second order, — 
the inverse of the ordinary method of procedure. Our point of view is that 
of Biemann. 

15. We show first now that the functions y^ and y.^ are not the simplest of 
those satisfying the given conditions as might be supposed. For, as we shall 
show, ^ ^ 00 , in addition to 3 = «, h, c, is a singular point for y^ and y^- To 
prove this, we put instead of s, Zi/z^, and at the same time suppose rj to be 
split into two forms of the r<th degree in 3„ z^ ; i. e. 



where n is arbitrary. 

If, for the moment, we put 






Z, = H,{z„l), Z, = H,{z,,V,, , = !i; 



we have 



yi = - Vvv , r,~rr . ' ^2 = 



or 



y Zi^Zi( — Zt^Zi^ \ Zi^Z^ — '^x^i 

But, according to Euler's theorem, 



hence 



,,H - z ^^^' + z ^^' nil -z^^^ + z ^^^^ ■ 






\ '' [ 3z, cX Sz, 3z, \ \ ' [ ■&, 9z, 3z, 



Sz^ 



or, if we represent the functional determinant of //, and //j by {Hi, H^ , 



\^n Hi -\/n H^ 



y. = ^-r7-f#^^; (31) 



^' z^ V\Hi,B,y "' z, V{lli,H,) 
which shows that y, and y^ have the singular point z = s,/0 = oo 
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16. We therefore proceed to select such branches T', and Y^, from (27), 
as have singular points z = a,b,c only. To this end we choose an i^(s) which 
has no singular points ; i. e. set it equal to a constant C. We have only to 
find the condition which p, a, x fulfil in order that s = oo may not be a singular 
point. We set a ^= a^/a^ , b = bji^ , c = c^/c^ ; whence from (27) and (31) we 
have 

We put C = aj'b^c^/Vn , thus we have 

y __ ^1 (sdY {zby {ZCY 

Y - -^^2 (ga)" {zby {zcy ,„ox 

'''~v\H,,Hy ./+''+^« • ^^'^ 

If these expressions are not to be infinite for 2 = 00 , then ^/+°'+''+'' must be 
equal to 1. This will happen when p -\- a -\- t ^ — 1, which is therefore the 
condition sought. 

In this way we are brought at once to the Riemann P-function. For, 
putting I^^ c^Y^ + CjY^, we have a binary shear, or group of branch func- 
tions, before us which possess all the properties by means of which the Rie- 
mann J-*-function was defined (see § 3). 

Because it is evident that Y has no singular points excepting z =: a,h, c, 
and that as z makes circuits about a, h, c it will pass into such new branch 
functions only as belong to the shear Y ^ c^Y^-\- c^ Y,^ itself. 

From (27) if we return to non-homogeneous variables and set F(z) = ^ as 
in (32), we may deduce 

Y = £il+3 (2 _ ay (3 — by (s — 6")^ . (33) 

If any branch -^ becomes rja for z ^= a , then 

Y ^ lJ=> (3 _ ay (z -~ by {z — cy , (34) 

a branch function included in (33), which may be developed in the following 
manner : — 

We obtained earlier for tj — )y„ the development 

V~Va = {z — ayp{z — a) -, 
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accordingly, )f' has the form 

(s — a)^-i .p^{z — a); 

hence our branch function will have the form 

{z-ap'^'^^\p,{z-a). (35) 

But the shear (33) contains also the branch function 

VR (z — ay (z — by {z — cy . 

By a similar calculation this branch has, in the region about z ^ a, the 
development 



■ \ + i 



+ p 



(z—a) 2 ^jy^(s_a). 

We proceed in a similar manner for the developments of branches of the shear 
(33) in the regions about z := b, z = c, and find in (27) or in (33) functions 
■with the exponents 

i(±/ + l)+/>, i(±// + l) + ^, i(±v+l) + r, 

for the points 

z := a , z —-b , s^c , 
respectively. 

Thus, in the shear are two functions for each of the singular points a, h, c, 
with determinate exponents belonging to them. Moreover, since 

p + O -\- T= —\, 

the sum of these six exponents is equal to + 1 ; which is the same as the 
condition 

>■' + /" + /-<' + A<" + v' + v" = 1 

in the definition of the Biemann T'-function.* 

The shear (27) or (33) is, therefore, the Biemann P-function 

a h c 



^ + ^(1 + /) ^ + 1(1+;,) r+|(l+v) ^ 



2V- I 'V "I 2 
which is evidently the most general P-function belonging to rj 



f,^l{l-X) a + \{\-fi) r+^(l-v) 



(37) 



a b c 1 

I [1 V j 



• See (10) and what follows. 
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Having set out with our ij-function we have thus been led to the Riemann 
P-function. 

But our method of attack leads us at once to a generalization of this 
function. The condition 

has nothing to do with the definition of rj, viz. r^ = y,/y2 • It is simply the 
condition that Y^, Y^ are of the degree zero in s,, Sjt i- ©. functions of z. The 
/*, a, r in (27) may be taken as arbitrary quantities. Y^, Y^ then appear as 
quantics of the degree ,o + <t -(- r -|- 1 . 

Out of the generalized Y^, Y^ we construct the binary shear c, J'l -]- c^Y^, 
which Klein in order to recall the Eiemann /-'-function I'epresents by the 
symbol //. We can define this shear of functions by means of its proper- 
ties in a manner exactly similar to that employed by Riemann with his jP. 
Klein represents by 17 the scheme, 



// 






C), c. 



^(1+/^) r+|(l + v) 



," + 2^1-/) '^^^a-W r + ^(l-v) 



(38) 



which differs from the scheme employed by Riemann only in this that the sum 
of the exponents need no longer be equal to unity. If we make the sum of 
the exponents equal to unity, which is always admissible, then /7 reduces to 
the Riemann P-function. 

We wish to consider particularly the special case, called by Klein that of 
the normal JJ of the second species. 

If /, /i, V be assumed positive, and we put 

,«=i(/-l), <T = i(/i-l), r=i(v-l). 



we have 


.iza)l<'-^\.4''- 


-l)(3,)i(^-l) 


^-FcfsT) •<-■"'"<'*>''' 


-\z4'-^^ 


Thus we obtain as our binary shear 






a h c 






// 





J 





(39) 



(40) 
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which has the degree ^ (^ + /i + v — 1) in 3„ Sj • We can carry through an 
analogous discussion when the signs of one or more of the quantities k, /x, v 
are changed, and obtain ^ {± A ± ji ± v — 1) as the degrees of the eigkt cor- 
responding siiears. 

I. 

This paper has for its object the study of the conformal representations 
produced by the --y-function (as defined in the introduction) when Klein's nor- 
mal n of the second species (see (40) ) contains a single algebraic function, or 
what amounts to the same thing, when the hypergeornetric differential equation 
which n satisfies has a single algebraic solution. 

17. In the first section of his memoir (Crelle's Journal, Bd. 75, § 1) 
Schwarz has shown that, if the differential equation, 

a/9 



da-" '^ x{l — x) 



dy 
dx 



y 



0, 



(41) 



x{l —x) 

of which the Gaussian hypergeometric series ^{a, /3, y ; x)* is a particular 
solution or integral, has a single algebraic solution, this solution must have the 
form 

y, == a;" (1 — xf g («) . (42) 

In the case of this equation the singular points are 0, oo , 1. By the same 
reasoning, if the differential equation of which 

a i c 



n 







is the solution — which differs from that considered by Schwarz only in that the 
singular points a, h, c are left arbitrary — ^have a single algebraic solution, that 
solution must be of the form 

77, = {zur {sh) «'" (2c)f"- f, (3., %) , (43) 

when written homogeneously ; in which (p^. is a rational integral function of 
the degree ^ in 3„ z^, while f, f, f" may be or 1. 

There are four cases of the expression in (43) to be considered ;t viz. 

«) n, = <p^ {s„ z^) , 

/?) n, = {zaf.f,{z„z^), 

r) n, = {2br.{zcY.<p,{z„z,}, 

^) n, = {za)K{zb)'^.(zcy.<p,{s„z,). J 

* Forsyth's Differential Equations, § 113 et seq. 

t The order in which X, /j., v are selected is arbitrary. 



(44) 
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Since the degree of 77 was found from (40) to be ^ (A + // + v — 1) , ^ has 
in these four cases the values 

i(A + // + v-l), ^{-X + /i+^-l), i(A-/i-v-l), 

ii-^-f^-^-l). (45) 

Whence, since k must be an integral number > 0, the case 8) cannot exist. 

18. In the introduction we have defined a branch of TTj, the normal II of 
the second species, by the formula 

77, = 4^ • isap^~'^ ■ (25)2^"'' . (2c)2<''~'\ (46) 

where 

^ ~ dz~ "" (sds) ' 

Hence, solving (46) for jy' and substituting successively for 77i the values given 
in «), ^), 7") of (44), we obtain 

> r jzaY-U.^y-Hscy-^zdz) 

r (Ba)^-i (e^)-''-> (^c)—^ (^^g) . 

i. e., in these cases, the function of rj has been expressed by means of a simple 
indefinite integral. 

We remark that, aside from the points of discontinuity which (fid^i, s^) = 
furnishes, the integral a) is everywhere finite, but the integral ^) is infinite at 
z =^ a , and }') at z = h , z = c . Since f *(Zi, z^ satisfies a linear homogene- 
ous differential equation, its roots are all distinct and are different from a, b, c. 
Each of the integrals in (47) has^ therefore, for (pk-—(),k simple algebraic 
points of discontinuity. 

19. If z encircles a, the integral rj in a), of (47), becomes 



,1 _ ,..^ r (gg)^-^ {zby-^ jzcy-' (zdz) . 



and the most general transformation which iy experiences when z takes a course 
which involves circuits about «, 5, c is of the form 

y = a;y + /3 ; (48) 

The same remarks apply to rj in cases /3) and j-). 
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If, in (48), vj =cc , then ;y' = oo . Whence we have to deal with linear 
substitutions for which the point tj = co remains fixed. 

And if, instead of the branch of t] defined by (47), we take another branch 

which arises from this by any linear substitution ' , \, , we will have to deal 

•' ■' p^ -\- S' 

with such a group of linear substitutions as leave fixed a definite point of our 
new w'-plane. 

II. 

Conformal Representations produced hy the rj-f unction when X, //, v are Real. 

20. The equation ±zX±[i±:v = ^k-\~\ can be satisfied not only for real 
but also for imaginary X, fi, v . 

TVhen X, fi, v are real we cut the 3-plane along the real axis, then study 
the representations of the two half planes. If we multiply a single triangle 
of the -if-plane by reflection, in accordance with the principle of symmetry, 
there will arise in the manner previously explained the corresponding group 
of ^y-functions. As we have just seen, for the substitutions which transform 
the functions of this group into one another, a particular point of the jy-plane 
will remain fixed. Hence the three sides of each of the ly-triangles pass 
through this point. If the fixed point mentioned be moved to ;y = oo , the 
)y-triangle becomes rectilinear, and our special case (X, u, u real) is thus char- 
acterized by the fact that our circular ij-triangle may assume the form of a 
rectilinear triangle. 

21. If X, /i, V are complex, but none of them pure imaginaries 

(; = /' + ?7" , n = // + i/x" , v — v' + «v") , 

instead of the old system of cuts along the real axis conceive three cuts made 
in the 2-plane from any auxiliary point in the plane to the points a, b, c, re- 
spectively, and approaching these points assymptotically (spirally).* When 3 
is made to cross one of these cuts any particular branch % of the )f-function is 
transformed into another branch of this function, connected with % — as all 
branches of vj are — by a linear substitution. The corresponding configuration 
in the if-plane will therefore be a hexagon — when the cuts in the s-plane are 
properly chosen, a circular hexagon (Fig. 7). The angles of the points a, b, c 
of the figure are 2/';r, 2f/7T, ^i/'tt, respectively, and the angles at the intermediate 
points, which are all representations of the point 0, are equal to the angles 
between the corresponding lines Oa, Ob, Oc in the s-plane. 

In the particular case with which we are concerned — in which one branch 
of the P-function corresponding to our ;j-function is algebraic — the substitu- 

* In order to avoid the occurrence of such spirals in the corresponding ij-figure. In the im- 
mediate neighborhood of 2 = , for instance, y} = z>^ = {pgl^y-' + «^" = p^' e— »^" . e<(»'k' + >^" log p) . 
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tions by which the sides meeting in a, in h, in c are connected with each other 
are all of the form ij' = aj; + ^ ; a substitution which, interpreted, geometric- 
ally, represents those transformations of a plane into itself which arise by 
combining rotations (including translations) with a transformation of every 
figure of the plane into a similar figure. 

From (47) we see that the representations in cases a), /3), ;-) differ from 
one another in this respect : in case a) the vertices of our triangle (or hexa- 
gon lie in the finite portion of the )y-plane ; but in /5) one vertex, and in y) two 
vertices, lie at infinity (see Fig. 8). 

22. Since 'k, //, v are not necessarily less than 1, but may have any magni- 
tudes whatever, it is obvious that a triangle of which Xrt, {in, vn are the angles 
will not, in general, be a triangle in the elementary sense of the word, but may 
be any figure bounded by three arcs of circles, which may be less or greater 
than whole circumferences, and having angles of any magnitude whatever. 
The surface of such a triangle will consist of that of the elementary triangle 
determined by the three angular points, together with multiples of half-planes. 
As will be seen later on, the general triangle in any case may be constructed 
from the elementary triangle having the same vertices by the attachment of 
half-planes. 

23. In case A, fx, v be real, fj^z-^, z^ is itself real, and it is natural to inquire : 
How many real roots has ^^j, = in the segments i — c, c — ^ a , a -— ^ b of 
the real axis ? Also, how many imaginary roots has f^ ? If the numbers 
referred to be represented by I, m, n, 1p, respectively, then 

Z + mH-M + 2;? = ^ = i(><4-;«-f-v — 1). (49) 

It can be proven that I represents the number of times that the side of 
the )j-triangle opposite the angle hz passes through the point at infinity ; that 
m and n stand in the same relation to the other two sides ; and that j9 repre- 
sents the number of times the body of the triangle passes through the point at 
infinity. 

If, then, the form of any rectilinear triangle be given, with the angles hz, 
/iTz, UTT, the values of I, m, n,p are known directly.* 

Case a): k -\- [jl -\- v =-. 2k -\- \ . 

24. In this case, in accordance with (45), / -)- /^ + v = 2^ -)- 1 is a posi- 
tive odd integer. 

In investigating the possible forms of the triangles corresponding to this 

* These values have been determined by Stieltjes and Hilbert in their investigations by alge- 
braic methods of hypergeometric series of a finite number of terms (Crelle, Bd. 103, 1887.) 
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case, we begin with a process which we may characterize as that of arithmetic 
reduction. 
Let 

^ = ?« + «,! 

;«=?(/.)+(/.),}> (50) 

V = c(v) + (v; , I 

in which f (A), f (/^), f (v) and {)), (ft), (v) are the integral and fractional parts 
of ^, fjt, v, respectively. Either or all of {k), (/j.), (v) may be zero. If (A), (fj), 
(v) are all zero then A, fi, v are integers. Since A + /i + v = 2^ + 1, we shall 
have three general cases to discuss, according as (X) + (fi) -\- (v) = 0, 1, or 2 ; 
i. e. according as ${X) + f (/^) + f (v) = an odd integer, an even integer, or an 
odd integer. 

We suppose ${/.) > f (/^) > f (v), which is not a restriction, and distinguish 
between the cases 

fW>f(/") + fW- 

Disregarding for the present the case {X) + (//) -|- (v) = , we have four 
cases between which to distinguish. These I shall call Aj^, A12, A^i, A^, as 
indicated in the following table : 





(/) + (/^) + (v) = 1 


W + {/^) + ('^) = 2 


H^)<Hf^) + H^) 


^u 


A 21 


fW>f(/^) + ?(v) 


A 12 


A^ 



25. Reduction of- case -4„. 

Assume f (A) = J + c , i{fi) =: e + a , f (v) ^ a + 5 , in which «, b, c are 
positive integral numbers, and take as the angles of a reduced triangle,* ^;r, 
/jigTT, v^n = (A);r, (/i);:, (i')?^, respectively. Throughout this discussion by a re- 
duced triangle is meant what is left of the given triangle on removing as 
many half-planes as possible from it. Often in giving the meaning of an 
angle, say hi, we shall omit writing the ;T. Hence by (50) we may ascend to 
the general triangle through the system of equations 



Z' = ,"0 + (^ H- «> )■ 
I 



(51) 



* Klein : Ueber die Nullstellen der liypergeometrischen Eeihe, Math. Annalen. Vol. 37, p. 580. 
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26. Reduction of case A-^^. 

In' a manner analogous to that employed in A^, we put 

c(/i) = c. c.(v) = 6, f(;o-?(/.)-e(v) = 2^, 

in which 2^ is an even integer ; for the reduced-triangle 

Finally by what precedes and by (50), we may ascend to the general triangle 
by means of the formulce 



X=X, + b + c + 2A, 
f^ = fio + <', 



(52) 



27. Reduction of case A^^ 

In this case ^{)) + !■(/«) + f (v) is odd ; and since i{X) > f(//) + $(v), we 
shall define three numbers a, d^c>0 , by means of the equations 

f(/) = J + c + l, ?{fi)=c+a, ^{p) = a + b. 
In this case we pu,t for our reduced triangle 

^ = (-<) + 1 , f^o = if*) . ^0 = i^) ; 

whence ^ + ;«„ + v„ = 3 ; then by (50) we ascend to the general triangle by 
means of the formula 



A = ^ + 5 



> 



/^ = /^ + c + a, 

v = v^-{- a + b. ^ 

28. Reduction of case A^. 
Putting 

f(/) = i + c + 2^ + 1, f(//) = c, c(v)-i; 

K = Q-) + 1 , //„=(//), v„ = (v) ; 

/ = ;.„ + J + c -f 2^ / 

/^ = A'o + C , 

V ^v^ + b. 



(53) 



we have 



(54) 
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The formulae for the reduced and general triangles in (51), (52), (53), (54) 
satisfy the general condition that ^ + m + v is an odd positive integer =:2k -\-l, 
as they should. 

29. Geometric construction. In cases A^, Ay^, we have for our reduced 
triangle ^ + //„ + v„ ^ 1 . The reduced triangle is therefore the ordinary 
plane triangle of Euclid (Fig. 9), and each angle is less than r.. On the other 
hand in cases A^^, A^ ■^o + /'o + "^o ^ ^ > ^ alone being greater than n. Hence 
our reduced triangle in these cases will have the form shown in Fig. 10. In 
the case of Fig. 9, 

Z„ = , »?»„ = , n„ = , i?„ = , k^T^-0 

by (49) ; in that of Fig. 10, 

4=1, ?w„ = , Wo = , jPo = , h = l. 

From the reduction formulae (51)-(54) we see that these are certain geo- 
metrical operations to be applied to the several reduced triangles a times, 
h times, c times, and A times in order to develop from them the general tri- 
angles. These operations are of two kinds, the lateral and the polar attach- 
ment of half-planes In the first case we attach half-planes to the sides of the 
reduced triangle. If, for example, we attach a half-plane to the horizontal 
side of Fig. 9, our triangle becomes the triangle of Fig. 11. The horizontal 
side has in this way been transformed into its complement : n^, v„ have each 
been increased by unity, while I has become 1. A repetition of the operation 
will give rise to branch points at the two lower vertices, the surface of the 
triangle having been increased by a whole-plane. The horizontal side again 
becomes the side of the original triangle or I again becomes zero, but on the 
other hand, j9 now equals 1. 

In the polar attachment we draw a line from the vertex to any point of 
the base and attach a half-plane along the line as a hranch-section (Verzwei- 
gungsschnitt) (Fig. 12). The angle / will then become ^ + 2;r, and I will 
equal 1. 

In cases A^^, A^i, the arithmetic reduction was made by the equations 

; = ;„-fJ-t-c, fi = /i„ + c ■+ a, v = Vo + « + ^; 

in cases Ai^, -4 22 by the equations 

A = X„ + 6 + c-{-2A, [i = ti^ + c, v = V(, + 5. 

The geometric meaning of this is, that, in cases A^, A^^, we pass from the re- 
duced triangle to the general, by the lateral attachment of a, h, and c half- 
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planes, respectively, to the three sides of the reduced triangle ; in cases Ai^, 
A^, by the lateral attachment of b and c half-planes, respectively, to two of 
the sides, and by the polar attachment of A half-planes to the angle included 
between these sides. 

30. If the general triangle arises from the reduced by the lateral attach- 
ment of a, b, c half-planes, and we put 

a = 2a' + ^1 , J = 26' -f £2 > <? ^ 2c' + £3 , 
where B^ may ^ or 1 , then in accordance with (49) 



I 



Sj , p = a' -\-i' + d . 



On the other hand the effect of the polar attachment of A half -planes to 
the vertex Z is to cause the side opposite Z to pass through infinity A times. 

From the results of the above discussion we construct the following table 
for the various values of I, m, n, andp, in the different cases under «) : 





I 


m 


n 


P 


-4 12 
4 22 


A 

1 + ^ 


«2 
£2 


S3 


a' + b' + d 
a' + h' + d + e, 
b' -f d 
b' +d 



31. Case in which X, fi, v are integral and X -\- fi -{- v is an odd positive 
integer = 2A; -f 1 • 

To explain the geometric construction in case X, /i, v are integers, we have 
simply to put for our reduced triangle 

and ascend to the general triangle by means of the equations 

X = Xa + b -\- c, /x = /i^-j- c + a, u = v^ + a + b, (55) 

where, as above, a, b, c are supposed to be positive integers. Our reduced 
triangle will have the form given in Fig. 14. 

1° In the special case, y^ = 2,/^ = 2,v = l, the -^-triangle has the form 
given in Fig. 15. 

2° For the case, X = S , fi = 3 , u ^1 , see Fig. 16. 

3° For the case, X = 4 , /i = 3 , v = 2 , see Fig. 17. 
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The general triangle in (55) is completed by lateral attachment of half- 
planes. 

We may also have polar-attachment of half-planes, the branch-section 
coinciding with the ;;-real-axis. 

In analogy with the table at the end of Art. 30, we will have 

^oo) 1=1 + s^, mz=^, ti = e^, p=^a' + h' + c' ;} 

> (56) 

^lo) i^^+l, rn = s^, n = e^, p ^ b' + c' . J 

32. The cases in which one or two of the quantities }., fi, v are zero should 
be discussed under /9) and y). Because, if A = in «) of (47), then the vertex 
of the ;f-triangle corresponding to the point z^ would lie at infinity, and all 
such cases belong to case ^). If, say, /-< = = v in a) of (47), then the ver- 
tices M, JV of the ly-triangle would lie at infinity ; such cases belong to ;-). 

The case A = /-( ^ v ^ , can never exist ; because k is then a negative 
quantity (^ — ^), which is contrary to hypothesis. 

Case fi): — / -f /^ + v = 2* -f 1 . 

33. In this case, in accordance with (45), — A -f- /< -|- v = 2^ -f- 1* is a 
positive integer. Hence there always exists the inequality X <^-fi -\- v . 

In case /3), as in case a), we may employ the system of equations (50) sub- 
ject to the conditions — ^-t-/i + v = 2^-fl and / > /i -f v . There are now 
only two general cases to be considered, 

- W + {/A + (v) = 1 , (b.) 

- W + (m) + (v) = ; (bj 
whereas in case a) there were three. 

Considered geometrically the negative sign before X indicates that the ver- 
tex of the 3f-triangle which corresponds to the point s = a of the 2-plane, is 
at 00 , as is shown by equation (47), /5). 

(b,). — (X) -f- (ft) -f (v) = 1 . This case may be readily explained, and the 
corresponding geometric operations accomplished, if we put 

$(X) = b + c, ?{ii)=c+a, f(v)=^a + J; 

^(, = W, ft = (/^) . I'o = i^) ; 

whence 

X = X„-\-b + c, fx = i^ + c + a, v = v„-fa + J, 

where, as before, a, b, c are positive integers. 

* It is a matter of convention that X is negative. Either A, or p., or v may be negative. 
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Evidently, — ^ + /-«o + ^o =^ •'• ^^^ — A + // + v = 2a + 1 , as they should 
be, in conformity with the conditions of our problem. The reduced triangle 
will take the form given in Fig. 18,* and the general triangle may be con- 
structed from it by the lateral attachment of a, b, c half-planes. For the 
special cases, X^^,/x^=/ji^-\-l,i^-=i'^-j-l; and A^^ + 1 , ft^ fjt^ -{- 1, 
V ^ Vj + 2 , see Fig. 19 and Fig. 20, respectively. Fig. 19 is constructed by 
the lateral attachment of a half-plane to the side LN in Fig. 19. 

(bj). — (X) + (fi) + (v) = . In this case we may have 1° {X) = (ft) + (v), 
or 2° (A) = (/.) = (v) = O'. 

1° (k) = (/J.) -f- (v). In order to construct all the triangles in this case, we 
have simply to put for our reduced-triangle 

^<, = W , ih = 0^) + 1 , ^0 = (") ; 

and to ascend to the general triangle we place 



whence, finally. 



X^X, + b + c,) 



/^^/A)+c + a , y (58) 

V =u^-^ a + b; j 

which satisfy the condition — /■. -\- /x -^- v ^ 2k -{- 1 . The reduced triangle 
will have the form shown in Fig. 21. For, from the triangle MNQ, 

^ = 1^0 + (/^) ; i. e. (I) = (v) H- (ft) . 

For the special case A ^ ^ , /^ = /^j -f 1 , v = v„ -f- 1 , see Pig. 22. 

2° (X) = (/x) ~ [v) := . The discussion of this case is perfectly analo- 
gous to that of the corresponding case under a) in which X, /x, v are each inte- 
gral, the only difference being that the vertex of the ;;-triangle which corre- 
sponds to — X in this case lies at infinity (see Fig. 23). 

34. (bj). If /i and v be fractional and ^ ^ , but as before — X -\- [i -\- v 
:= 2^ -}- 1 , we put 

/=0, 1 

/. = ?(/,) + (/,), I (59) 

V ^f(v) -f (v), J 

* From the triangle L'MN, Fig. 18, 

■*o + l— A'o + l — I'D = 1 ; i. e. — ,io+A'o + ''o = 1- 
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where (//) + (v) may equal or 1. If (/u) = (v) ^ , then A, ft, v are integral, 
the case just discussed. 

If (//) -(- (v) := 1 , we put for the reduced triangle ,<„ = , /^ = (/z) , v,, = (u) 
(see Fig. 24), and ascend to the general triangle by putting f (^) = , f (^/i) = 5 , 
$ (v) = f) + 2A ; whence 

fi = fi„ + b, y (60) 

V = v„ + 5 + 24 , J 

where, as above, h and A are positive integers. We can construct this general 
triangle by the polar attachment of A half -planes and the lateral attachment 
of b half-planes to the triangle in Fig. 24. 

If, in particular, b ^1 , A =1 so that ^^=0, /z^//, -f-l,v = V(|-f-3, 
the corresponding triangle will have the form given in Fig. 25. 

35. (b^). If X be integral, then (X) = , and we shall have the same reduced 
triangle as that employed in (bg). The only difference between this case and 
(bj) is, that in case (b^) in ascending to the general triangle we employed both 
lateral and polar attachment of half-planes, while to ascend to the general 
triangle in ease (b^) we have to employ only lateral attachment of half-planes 
to MJy, or JVZ, or ZM. 

36. To find the number of times a side, or the surface of our triangles, 
passes through infinity, in cases (bj, (b2), (b,), (bj we proceed as in Art. 31, 
(56). 

From (49) 

I ^m + n + 2p =: i {~X + fi + 1^ — 1) =.k; (61) 

and, as before, we put 

a ^ 2(2' + Sj , b = ^b' -\- €2, c ^ 2c' + Sj , 

in whicJi £;, £21 Sj ^ or 1 . Substituting the formulae for the general triangle, 
we will have for (bi), (b^), (b^), 

jp = , Z = 2a' + «! , r/i = w = ; 
and, for (S3), 

p = , l=^2b' + $2, m = , n = A . 

Here p represents the number of times the body of the if-triangle covers 
the point or infinity, and I, m, n, the number of times the sides of the triangles 
opposite the vertices Z, M, N, respectively, pass through infinity. 

It is to be noticed, in case /?), that the point Z is a branch point. 
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Case y): -J — /i — v = 2A + 1 . 

37. In this case X — /i — v = 2A + 1 is a positive integer. As in a) we 
employ the set of equations (50). There are two general cases, 

(^) - (/«) - (v) = . (0,) 

(cj. (^) — {jx) — iy) = — 1 • In this case we take for the reduced tri- 
angle 

^ = (;0 + 2, //<, = (//), v„ = (v). 

The form of this triangle will be that given in Fig. 26, the angles M and N 
lying at oo . 

The general triangle may be constructed by putting 

c« = S + c + 2(^ + 1), ?(//) = c, e(v) = 5, 
whence 

; = ^ + 5 + c + 2A, /i=/j„ + c, v = v„ + 5. (62) 

We effect this construction by the lateral attachment of h and c half- 
planes and the polar attachment of A half -planes. 
For the special case, 

we have a triangle of the form given in Fig. 27. 

The case, ^ = ^ -f- 3 , « = /i„ , v = v^ -f 1 , i. e. when A = 1 , c := , 
J = 1 , is constructed by the diagonal polar attachment of a half-plane, in Fig. 
27, to a branch section running from the vertex L to the opposite side. 

(c,,). 1° (I) = {{I) + (v) ; (I) , (//) , (v) not = . We may here put for 
the reduced triangle 

Xo = {X) + l, fio = {fi), Vp = (v) . 

For, from the triangle LM'N', Fig. 28, 

v„ + /.„ + 2 - ^ = 1 ; i. e. - (A) + (/i) + (v) = . 

For the general triangle we may put 

i{l) = h+c^%A^\, i{ii)^c, f(v)=5; 
whence 

>i = ^ + 5+c-F2J., n = ii^-^c, v = v, + 5, (63) 

The general triangle may, therefore, be constructed from Fig. 28 by the lateral 
attachment of h and c haK-planes and the polar attachment of A half-planes. 
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The triangle for the special case, X = 2^) -j- 2 , fz^ ft^, v = Vj,is given in 
Fig. 29. 

2° (X) = (jx) -\- (v) , (/I) = {[j) = (v) ^ . In this case A, fi, v are integral 
numbers. We take for the reduced triangle, ^^^ ^ 1 , /i„ = , v, = ; i. e. the 
triangle given in Fig. 30. 

Since X — // — v is an odd integer, the general triangle may be constructed 
by means of the formulae 

; = /„ + 5 + c + 24, ;u = /^„ + c, v=:Vo+5. (64) 

In this case we shall have the lateral attachment of h and c half-planes and 
the polar attachment of A half-planes. 

In Figs. 31 and 32, the forms of the triangles are given for the special 
cases 

-1 = ^ + 1, /^ = /io + l, v = Vo = 0; 

; = ^ + 3, fl = fl^+1, l;r=V„z=0, 

respectively. 

88. (Cj). If // = ^ V , .< = 2^ + 1 is an odd integer. To construct all 
triangles belonging to this case we take the reduced triangle employed in 37, 
2°. The general triangle may be constructed by the polar attachment of k 
half -planes along the branch-cut running from L to the opposite side (see Fig. 
33). 

39. (cj. k — n — V ^ 2^ -f 1 , ^. only being integral. 

We put 

/l = f(;.) + 0, ^ = f (/.)+(/.), v = f(v) + (v); 
whence 

X-ij,-^ = 2k + \ = ?(/) - f (/.) - f (v) - (//) - (v) . 

Hence we may have either 

- (/^) - (v) - , (1) 

or - (/.) - (V) = - 1 . (2) 

Case (1), — {ji) — (v) = , may be satisfied, and thus only, by putting 
(^) ^ (v) = . X, fx, V would then be integral numbers. This case has already 
been discussed in Art. 38. 

(2). If — (/<) — (j^) ^ — 1 , we put for the reduced triangle 

^ = 2 , /^ = (//) , V = (v) ; 
then 

^ — /'o — ^'o = 2 — {n) — (v) = 1 , 

as it should be (see Fig. 34). We construct the general triangle by means of 
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the system of equations 

by the lateral attachment of b and c half-planes and the polar attachment of 
A half-planes. 

The form of the triangle in the special case, A = 3 , // ^ (//) , v ^ (v) -f 1 , 
may be seen in Fig. 35. 

40. In regard to the number of times the sides and surface of the jy-tri- 
angles pass through infinity, it may be remarked that by substitution in the 
formula 

l + m + n + 2p = ^{X — ii~v — l)=k, (49> 

■we obtain 

l^=A, m^n=^ p = , 

in m1 the four cases (Cj) — {c^ . 

Hence the side of the ;y-triangle opposite the vertex L passes A times 
through infinity, the two sides opposite M and JV and the body of the ij-tri- 
angle do not pass through the point at co . 

III. 

CoTiformal Representations produced by the ij-function token X, //, v are 
complex. 

Case a): A + // + v = 2^ + 1 . 

41. Suppose the 3-plane be cut along three lines extending from a, b, c to- 
an auxiliary point O. The corresponding representation in the ;y-plane is a. 
hexagon, three of whose vertices, 1, 3, 5, correspond to O, and the remaining^ 
three, 2, 4, 6, to a, h, c, respectively. The sides meeting in each of the last 
three points are connected with one another by a linear substitution. In order 
to form a clear conception of this representation, let us first consider in con- 
nection with it the case in which X, fi, v are real. It is assumed throughout 
that / + // + v = 2* + l. 

42. We begin with the reduced case, ^„ -f /<„-(- v„ = 1 , and draw the 
3-plane, as before, cut along the real axis, and construct the triangle in the 
)y-plane which corresponds to the positive half of the 3-plane (see Fig. 36). 
About this triangle of the iy-plane we construct three representations of the 
negative half of the a-plane, each of these representations corresponding to 
one of the three segments be, ca, ab over which we may cross when, starting 
in the positive half of the s-plane, we pass into the negative half of the same. 
An auxiliary point is then taken in one of these side triangles and joined by 
straight lines to the vertices of the same, thus dividing the triangle into three 
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portions, which we shall call 1, 2, 3 (see Fig. 37), and a corresponding con- 
struction is made in each of the remaining side triangles. We next form the 
corresponding figure in the 3-plane and in this figure number 1, 2, 3 the re- 
gions which correspond to those similarly numbered in Fig. 37 (see Fig. 38). 

If now instead of cutting the z-plane along the axis of real numbers, we 
cut it in the lines Ob, Oc, Oa evidently the corresponding projection in the 
jy-plane will be the hexagon which is ruled in Fig. 37, and which we shall once 
more draw so as to indicate the correspondence of its path to the positive and 
negative half of the 3-plane (see Fig. 89). Its sides as indicated in the figure 
are connected by rotations of the ;y-plane about the vertices a, b, c, the ampli- 
tude of these rotations being 2X7:, 2ft7T, 2vw, respectively. 

We consider next the special case of the general kind of representation 
which arises when the point coincides with the point a (see Fig. 40). Here 
the regions 2 and 3 vanish, and the representation degenerates into the quadri- 
lateral, i. e. is simply the representation of the s-plane when cut from b through 
a to c in a straight line (see Fig. 40). This would be the projection in the re- 
duced case, 4 + //q + I'd = 1 • 

43. The next question that arises is, how can one pass from the reduced 
case to the general case ^, /^, v ? Or, in other words, what in our new repre- 
sentation takes the place of lateral and polar attachment of half-planes ? It Is 
of course the attachment of whole planes. In fact there is no difficulty pre- 
sented in attaching a whole plane along one of the segments MJV, NL, LM 
(in Figs. 39 and 40), the segment in case it does not lie exactly on the border 
of the figure to be regarded as a branch which unites the two branch points 
which lie in the vertices. Also, the polar attachment of whole-planes is easy 
to understand, if (confining ourselves to the point L) we hold fast to Fig. 40. 
In this case one has simply to draw a diagonal from L to L, the dotted line in 
Fig. 40, and to this dotted diagonal as a branch-section attach whole-planes. 

In Fig. 39 we draw from L two dotted lines to two sides of the hexagon 
which belong together and attach a half-plane along each (see Fig. 41). 

The same method of procedure may be applied to the case in which the 
reduced triangle is defined by ^ -|- //„-(- Vo = 3 . 

We have, then, the triangle shown in Fig. 42, and develop from it, by 
means of a single reflection, the quadrilateral of Fig. 43, whose surface passes 
once through infinity. Here we can just as readily attach whole-planes as in 
the case just considered ; only, for example, the dotted diagonal corresponding 
to that drawn in Fig. 40 connecting LL must now pass through infinity. 

44. Having finished this preparatory discussion, we now proceed to the 
consideration of complex exponents, 

/ = /' + Va" , fX =: // -|- ifl" , V = v' -(- iu" . 
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We suppose all that has been done with the real exponents, in the pre- 
ceding section, to be done with the real parts of the complex exponents. 

We shall, for the present, exclude the cases in which X, /*', v' are integral 
or zero, and put 

/ = ?(/')+(/), !i' = ^{!x')^{!x'), .==f(v') + (v'), 

and distinguish two cases, {X) -\- {//) + (v') := 1 or 2 . In the first case we put 

'''o = (-*') , /A = (/^') , f'o =■ ("') , 
and in the second, 

■<'o = (-<') + 1 , /A = (/) , f'o = (!'') , 

and we assume 

fW>f'(/^)>fM- 

Our problem now is to develop a representation of the 2-plane for the 
reduced cases, 

^9 = '<'o + i^" , /A) = /A + V'-" , ^0 = f 'o + if" • 

From it we shall easily pass by attachment of whole planes to the cases of 
arbitrary values of ^ /x, v . 

45. We begin with the case in which k, fi, u are complex and -^ + /A) + I'd 
= I . We construct in the --y-plane a quadrilateral whose sides are straight 
lines (Fig. 44, which is a generalization of that in Art. 40, the subdivision into 
symmetric triangles disappearing). The angles at M and iV are respectively 
2//o7z, 2v'o;r, and the two sides radiating from M, as indicated in Fig. 44, are not 
of the same length, but have the ratio s : se~^'^"''. Similarly, the two sides 
radiating from JV have the ratio t : te~^''"'. In fact these two pairs of sides are 
connected by the loxodromic substitutions,* 

rf — M = e2»(>''o+<M")T (^fj __ J-) ^ 

respectively ; i. e. by rotations of 2//„s- and 2v'oW, associated with extensions in 
the ratios e-^t^"" and e-''^""'. 

The quadrilateral, constructed in this manner, which results if the z-plane 
be cut spirallyt from Jlfand iV through Z, is the representation we are seeking. 

46. Proof. In accordance with § 4 of the Introduction it follows at once, 
from the construction, that the quadrilateral may be regarded as a complete 

* Lithographic notes of Klein's lectures on differential equations, winter semester, 1890-91. 
t Klein's lectures on differential equations, 1890-1891, p. 161. 
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representation of the entire z-plane, and as such, defines a function yj (a, b, c, x) ; 
also, the function i^(a, b, c, x) so defined has for the points z = h, c the expo- 
nents //„, Vo- It only remains to show that for the point z^ a the exponent is 
^ = /„ 4- iX'fi . By hypothesis, ^ + «o + f o = 1 > whence X' + //' + v" = , 
and ^'o + //o + I'd = 1 • Hence it must be shown that for z = a the exponent 
is ^ ^ 1 — //„ — v'o — i (//' + ^") ; or, in other words, it must be shown that 
the two sides radiating from Z, in Fig. 44, are connected by a loxodromic sub- 
stitution which has an angle of rotation equal to 2 (1 — //q — v'o) ti^ and causes 
an extension of the plane in the ratio e!'(^"+v")<r 

To show this, we annex to our quadrilateral by means of the loxodromic 
substitution employed in Fig. 44, a second quadrilateral (see Fig. 45). We add 
the two dotted lines JlfiV^and JVM so forming a second quadrilateral NMLMN. 
This second quadrilateral constitutes a new representation of the s-plane, ob- 
tained by cutting the z-plane along a line extending from a through b to c. 
Since the sum of the angles of a quadrilateral equals 2t, and by construction 
the angle MLM {Fig. 45) is equal to the sum of the angles at the vertices L 
above and Z below in the original quadrilateral (Fig. 44), the angle MLM will 
equal 2 (1 — //'o — v'o) n . Also, the two sides LM to the left and LM to the 
right, in Fig. 45, have lengths whose ratio is s : se~^(''"+''"''', which supplies the 
proper modulus e~'*<''"+''"*". 

Hence, as was to be shown, the quadrilateral (Fig. 44) is a representation 

a , b , c ~l 

A. /A). ^D J ' 

47. We discuss next in an analogous manner the case ^ + /io -f Vq = 3 . 
Proceeding in a manner similar to that in Art. 46, we have, corresponding to 
Fig. 43, instead of Fig. 44, Fig. 46, a quadrilateral which passes once through 
infinity ; that is to say, extends over the whole of the infinite portion of the 
plane. 

In view of the discussion at the end of Art. 44 it is an easy matter, when 
X, p., V are complex and ^ + /^ + Vq = either 1 or 3, to ascend from the reduced 
polygons, as represented in Figs. 44 and 46, to the general polygons by means 
of lateral and polar attachment of whole-planes. In Figs. 44 and 46, if 
f (A) < ? (//) -f- f (v) , there must be a lateral attachment of a, b, c whole-planes ; 
if, on the other hand ? (^) > 6 (/^) + f (v) , there must be a lateral attachment of 
b and c whole-planes and a polar attachment of A whole-planes. That is in 
Fig. 44, the point at infinity will be covered by the sheets of the polygon 
a + b + c and A + b + c times, respectively. In Fig. 46, the corresponding 
numbers will bea + 5 + c + l and A -\- b + c + 1 . These four numbers are 
in each case equal to ^{k + /x + u — 1) = k , the total number of roots of the 
equation <p («„ ajj) = 0. 



of the 2-plane by means of :; 
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The discussion of special cases ; i. e. when the real parts of k, //, v are 
integral, etc., will be deferred until cases ^) and ;-) have been discussed. 

Case ^): — k + /i -\- v = 2k + 1 . 

48. The character of the polygons belonging to this case is defined by the 
formula — X-\-n-{-i'^'ik-{-\, where k, fi, v are complex numbers whose real 
parts are rational, not integral, and ^ is a positive integer. The discussion of 
the cases in which the real parts of k, {x, v are integral will be given later, in 
Art. 50. 

We begin, as in case a), by placing 

k = X -{- ik" , ;x = // + ift" , V =r v' -[- iv" . 
Since 

~k -\- fx + p=r2k + 1 , 
we have 

— /' + // + v' = 2^ + 1 and — k" 4- //' + v" = . 

We now separate the real rational numbers /', //, v' into their integral and frac- 
tional parts by the equations, 

/' = C (/') + C-^') , // = e {{i) + ili) , v' = f (v) + (v') . 

Since — k' -^ // -\- v' r= 2k -\- 1 , we shall have two cases to consider, 

- in + (/^') + (^') = 1 > (bo 

- in + (>') + in = • (b,) 

(bi). — (/') + (//) + (vO = 1 . In the presentation of this case we put, 
for the reduced polygon, 

-^'o = (-<') . /^ = iin . ^'o = (^'J ; 

\ = -^'o + «-<" . Ih ^ /^'o -t- V^' , ^0 = ^'o + i^" ■ 

This is admissible, since the two systems of equations just given satisfy the 
conditions of our problem ; i. e. 

— ^ + ft + I'd = — -^'o + /^ 4- ^'a + «' (— ''" + /'" + ^") = 1 ■ 

Let the s-plane be out from c through h to a. The integral rj in (47), /3) 
shows that the vertex of the ly-polygon corresponding to the point s = a lies 
at infinity. 

Hence, in analogy with the method employed in the preceding case, the 
figure which arises by the corresponding loxodromic substitutions (see Fig. 47 ; 
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also, compare Art. 45) has angles at iV and L or L equal to 2v'„h- and 'IV^, 
respectively, by construction, and the sum of the remaining angles (at M and 
M') may be demonstrated, as above, by Fig. 45, to be 2^//'^. 

That Fig. 47 satisfies the conditions of the problem may be easily seen : 
If we assume //, -f //j = 2//„, then, from the polygon MLMNM, we have 

2ff =: 2/'|,w -^ Tz — fi^ -\- It: — 2v'jn' + ff — l^^ ', 

i. e. 2 = 2/'„ — 2//„ — 2v'o + 4 , or — /'„ + //„ + v'„ = 1 . 

We can ascend to the general iy-polygon, by means of the system of 
equations 

X — }^-\-h-^c, « = /io + c + a, v = v„ + a-|-J, 

a, b, c being positive integers (see Art. 25). In accordance with the equations 
just given, the general polygon in Fig. 47 is constructed by the lateral attach- 
ment of a, h, c whole-planes to the sides of the reduced ;y-polygon, as branch- 
sections. 

Since the point at infinity in this case (Fig. 47) is itself a branch point; 
this point will not be covered by the whole-planes attached to the sides ML 
above and ML below, but will be covered by the ;y-polygon a times only. 

Fig. 48 illustrates the construction of the -^-polygon when 

-< = ^ , ,« = A) + 2 , V = v„ + 2 . 

(bj). Here (/') = (//) + (v') , neither (/'), (//), (v') being zero. The reduced 
polygon in this case is cliaracterized by the equations 

-^'o = (■^') . lu = (/«') + 1 , i^'o = ("') ; 

K = ''■'o + »•'<" . ,«o = /■''o + V^" . I'o = ^\ + 'V' . 

Proceeding in a manner analogous to that adopted in the derivation of 
Fig. 47, Fig. 49 is obtained for the reduced polygon in this case. That this 
figure satisfies the conditions of our problem is shown as follows : — 

Assuming 

Vo = 2(//) + 2 = //, + //, -f 2 , 

the polygon iVJ/ZJif gives 

2;r = (2 - 2/'„)>t + /i,:: + n,Tt + 2v> ; 
whence 

2 = 2- 2/'„ + 2//„ - 2 + 2v; , 
or 

— ■'-'o + /A + i''o = 1 • 
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We may now construct the general ;y-polygon by means of the systems of 
equations 

^ = Xg-^b + c, /x = ;x„ + c + a, v^v^ + a + J; 

i. e. by the lateral attachment of a, b, c whole-planes to the four sides of the 
reduced polygon, Fig. 49. 

In Fig. 49, the point Z is a branch point ; whence the planes attached 
laterally to the sides ML above and ML below do not cover the point at 
infinity. 

The point at infinity is covered a times only ; for, in this case, 

i (- >l + // + V - 1) = i (- ;„ 4- /i„ + v„ + 2a - 1) == a = >{r , 
the number of roots of ^^j. ^ . 

Case y): X — // — v = 2^ + 1 . 

49. In this case A is a positive integer and /, ji, v, are complex ; whence 
;>// + v. 

Ketaining the same method of division of X, //, v into real and imaginary 
parts which was employed in a) and /9), we must have, owing to the equation 
A — // — V = 2* + 1 , /' — ;(/' — v' = 2A + 1 and r — ;u" — v" = . 

Again, separating /', //, v' into their integral and fractional parts, we have 
the cases to consider : 

(-^O -(«') + (v) = , but (/'),(//), (v')not = 0; (c,) 

{k') - {(1) + (^') = - 1 . (C) 

(c,). (/') — (//) + (v') = , but (/'), (//), (v') not = . In this case the 
reduced polygon may be defined by the equations 

■^0 = {^) + 1 . a'o = ij^') > ^\ = (y') ; 

^ = -^'o + »-<" , Ih = P-'o + ¥' > "^0 = i^'o + «"" • 

In a manner analogous to that employed in cases a) and fi), just preced- 
ing, we obtain for our reduced ;;-polygon. Fig. 50. That Fig. 50 satisfies the 
conditions of the problem may be easily seen as follows : 

Assuming 

X\+X", + 2 = 2k',.= 2{X') + 2, 

we have, from polygon LWLM', Fig. 50, 

2v'„ + 2//„ + 2 - /, + 2 - /', - 2 = 2 ; 
i. e. /'o — //o -I- v'o = . 
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Since A > /^ + y , we may, as in the corresponding case of Art. 26, ascend 
to the general )y-polygon by means of the equations 

This general polygon is constructed by the lateral attachment of 6 + c 
whole-planes and the polar attachment of A whole-planes to the sides of the 
reduced polygon in Fig. 50. The general surfaces will cover the point at 
infinity A times only, since Jf avd iTare branch points at infinity. 

(C2). (A') — (//) — (i/') =: — 1 . We take for our reduced polygon 

/'o = (/') + 2 , //„ = (//) , v'o = (v) ; 

^ = -^'o + f'^" , th — IJ-'o + «>" 5 I'd = "'0 + i^" ; 
2/'o = 2(/') + 4->i', 4-/, -1-4. 

In the same manner as the reduced polygons were derived in the preced- 
ing cases, we may show that in this case our reduced polygon will have the 
form given in Fig. 51. That Fig. 51 S9.tisfies the conditions of the problem is 
shown as follows : — 

FrOm the polygon LN'LM' we have 

2 = 2 -2v'„ + 2 - 2/«'„ -F /', + /'^ ; 
i. e. 2 = 2 — 2v'„ -f 2 — 2//„ -f 2/'„ — 4 , 

or ;,; — //„ — 1/'„ — 1 . 

We may construct the ly-polygon for the values ^ = ^ -f 4 , // = //,, v = v„ , 
by the polar attachment, in Fig. 51, of a whole-plane along a branch-line drawn 
from Z above to L below. The general polygon may be constructed by means 
of the equations 

A = /o + ^ -f c -h 24 , ji = ii^-\-c, v = vo-f&; 

i. e. by the lateral attachment of b and c whole-planes to the sides of the poly- 
gon in Fig. 51 and the polar attachment of A whole-planes to a branch-section 
running from Z above to Z below. 

The point at infinity will be covered A times. 

50. X, n, V complex ; but their real parts all integral, one integral, or one 
zero. 

In what precedes we have shown how the six reduced polygons, a) Figs. 
40, 46 ; ;9) Figs. 47, 49 ; y) Figs. 50, 51 were derived, assuming A, //, v to be 
complex. In Art. 17 it was shown that equation (45) holds for all values of 
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X, fx, V, whether X, fi, v, being real are integral, or being complex their real parts 
are integral. If the real parts of )., fi, v are all integral, the reduced polygons 
corresponding to Figs. 40 and 47 vanish, while those corresponding to Figs. 
46 and 49 reduce to Fig. 52, in which, however, one of the points, say Z, may 
lie at infinity. In the case illustrated by Fig. 46, retaining the notation used 
in the discussion of cases a), j8), y), (X, //, v complex), if /', //, v' are integers, we 
place for our reduced polygon, 

/'„ = 1 , //'o = 1 , v\ = \, 

K = -^'o + i^" , /«o = A^'o + V^" . "o = •''o + i^" ■ 
The form of the reduced polygon is shown in Fig. 52. 

In the case illustrated by Fig. 47, the form and position of the reduced 
triangle is the same, except that the vertex L lies at infinity. 

If, in the cases illustrated by Figs. 50 and 51, X', //', v' are positive inte- 
gers the corresponding reduced polygons become that shown in Fig. 53. The 
arithmetical reduction belonging to this case will be 

/'o = 1 , /A = , v'o = ; 
whence 

2/o - 2//o - 2v'„ = 2 , 
or 

■^'o — /^'o — '''o = 1 > 
as required. 

It is a simple matter after the discussion for complex X, //, v (the real parts 
of X, //, V not being integral) to show how to form the general polygons from 
the reduced-polygons shown in Figs. 52 and 53. 

If a single /', //, v' is integral, we may construct the reduced-polygons cor- 
responding to the reduced-polygons, a) Figs. 40, 47 ; ^8) Figs. 46, 49 ; f) Figs. 
50, 51 by modifying them in the proper manner ; and so, likewise, if either /', 
//, v' are zero. 

IV. 

51. In this section we propose to show what triangles in II define the 
algebraic integrals of the differential equation, 

<Py r — (« + /? + i)a; dy __ u^ ,, _ n 
dx-''^ x{\--x) ' dx «(1— a')'^~ ' 

found by Schwarz in Crelle's Journal, Vol. 75, § 1, from 1" to 4*^. 

We shall retain Schwarz's notation throughout this discussion, putting 

and consider simply the cases in which X, fi, v are positive. 

* Schwarz's paper, § 3. 
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52. We shall not take space to repeat the various conditions under which 
the several integrals mentioned by Schwarz are algebraic integrals. 

In 1" of Schwarz's paper, F{a, /9, y, x) = F{ — n, /9, j-, x) , under the con- 
ditions named by him, is an integral algebraic integral when o = — n . From 
Art. 51 we have 

/ = 1 — J-, fi = a — ^, v = Y — a — fi; 

whence X — fi -\- v is a positive odd integer = 2w + 1 . By interchanging k 
and //, this falls under case /9) in Art. 33. 
58. In 1*, under the conditions named, 

x^-y F{a — J- + 1, /9 — ;- + 1, 2 — r. *) = a!"'^(— n + n', ^ + n',1 + n, x) 

is an integral algebraic function when 1 — j = n! and a — j- + l = — n -\- n\ 
n and n' being integers. In our notation X will be integral and A — /i + v^2w + l, 
hence this case falls under /3), in Art. 35, (b^). 

54. I'' is embraced by Schwarz in the discussion of 1" and 1*. 

55. 2" furnishes the conditions that the integral 

(1 _ x)y-'^-^F{r - «, r - /9, r, «) -= ^'^('i + r + <?,-«, r, «) 

be an algebraic function ; namely, j- — /9 ^ — n, a negative integer (c being a 
rational number). In our notation, from Art. 51 we have X — // — v^2n + l, 
a positive odd integer. The case 2" falls under II, j-). 

56. In 2" 

^ = 1 — j-^w', /9 = l + n — n' , 

n and n being positive integers. X is thus a positive integer ; //, positive and 
rational ; v, negative and rational. Hence, interchanging X and v, 2* falls under 

n, /9), (bj. 

57. The discussion of 2" is embraced under that of 2" and 2*. 

58. In 3" « — y -\-\^ — n; whence, since 

X = \—y, ii = a — ^, v = -f — a—^, 
we have 

— ; — // + V ■= 2n + 1 , 

a positive odd integer. By interchanging X and v, this case falls under II, y). 

59. In 3* 

a = — n -\- n' , ^ = n' — n" , y =^\ -\- n' , 

n, n', n" being positive integers ; whence 

/ = 1 — y = — n',a negative integer, 

// ^ a — /9 ^ — n -f w" , a negative integer, 

V ^=y — a — p^l -\- n — n'-f n" , a positive integer. 
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since 

1 < n' < w , < n" < w' . 

That is, ^, n, v are all integral, I and /^ being negative ; heuce by interchanging 
}. and V, 3* falls under the case of integral values of I, ji, v in II, y), (Cj). 

60. Case 3" is embraced under those considered in Arts. 58 and 59. 

61. 4" has /3 = 1 + h , an integral number ; hence, taking the negative 
values of I, [i, v, in 51, we obtain / -f /^ -|- v = 2« -f 1 , an odd positive inte- 
ger. This case falls under II, a). 

62. From 4" 

;' — a = — n" -\- n' , j ^ ^ — n -\- n\ y =1 -\- n' ; 

y — a ^ ^ = c = — n" -\- n' — n — 1 ; 

n, n', n", being integers. Hence, taking the negative values of X, //, v from Art. 
51, we have X = n' , a positive integer; fi =: n — w", a positive integer; 
V = — J -\- a -\- ^ ^= n" — n' -f )i -f- 1 , a positive integer. 4* is, therefore, em- 
braced in the integral case discussed under II, a). 

63. 4" is embraced in the discussion of 4" and 4". 

April 1, 1892. 



